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This appendix contains technical information on implementation of the estimation of the

CMt/CMt/∞ model.

1 Derivation of the likelihood

A sketch of the derivation of the likelihood of the CMt/CMt/∞ model is given in the appendix

of the paper. A more complete derivation is presented here. Begin with the penultimate equation

in the appendix for the density of the number of firms conditional on lagged value and the mixing

terms (ut, vt):

f (nt|nt−1, ut, vt) =
MtX
m=0

exp
£
−κt

¡
1− e−µt

¢¤
B̃mt, (A.1)

where Mt ≡ min{nt−1, nt}, κt = λt/µt, and

B̃mt ≡

⎛⎜⎝ nt−1

m

⎞⎟⎠ κnt−mt

(nt −m)!
e−µtm

¡
1− e−µt

¢nt+nt−1−2m (A.2)

Note that each element of the sum in (A.1) is

(
[κt (1− e−µt)]nt−m

(nt −m)!
exp

£
−κt

¡
1− e−µt

¢¤)⎡⎢⎣
⎛⎜⎝ nt−1

m

⎞⎟⎠ e−µtm
¡
1− e−µt

¢nt−1−m⎤⎥⎦ (A.3)

which has elements of the density of a Poisson random variable (although neither f (nt|nt−1, ut, vt)

nor f (nt|nt−1, vt) is in fact Poisson). In particular, the expression in the curly brackets is the

Poisson probability of observing nt −m events with Poisson rate (κt (1− e−µt)).

Finding f(nt|nt−1) requires integrating out the unobserved heterogeneity terms (ut, vt):

f (nt|nt−1) = Eu,v [f (nt|nt−1, ut, vt)] = Ev

©
Eu|v [f (nt|nt−1, ut, vt)]

ª
Begin with the inner expectation and integrate out u holding v fixed. Due to the assumption that

u|v has a gamma distribution the inner expectation may be found in closed form. The conditional
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expectation of each term (A.3) can be written

Eu|v {·} =

⎛⎜⎝ nt−1

m

⎞⎟⎠ e−µtm
¡
1− e−µt

¢nt−1−m (A.4)

·Eu|v

⎧⎪⎨⎪⎩
³
ut

λ0t
µt
(1− e−µt)

´nt−m
(nt −m)!

exp

∙
−ut

λ0t
µt

¡
1− e−µt

¢¸⎫⎪⎬⎪⎭
The Eu|v{·} part is the same expression one gets when deriving the marginal distribution of a

Poisson random variable with gamma mixing (here, ut is the mixing term multiplying the Poisson

rate λ0t (1− e−µt) /µt. The marginal distribution of a Poisson random variable with gamma mixing

is negative binomial, and so

Eu|v

⎧⎪⎨⎪⎩
³
ut

λ0t
µt
(1− e−µt)

´nt−m
(nt −m)!

exp

∙
−ut

λ0t
µt

¡
1− e−µt

¢¸⎫⎪⎬⎪⎭ =

Γ (nt −m+ γ)

Γ (γ)Γ (nt −m+ 1)

µ
Dt

Dt + 1

¶nt−mµ µt
λ0tσ2uv

ρ (1− e−µt) + µt

¶γ

where Dt ≡ σ2uv
ρ−1
t κ0t (1− e−µt), with κ0 = λ0/µ0. Add in the other terms from (A.4) and

summing over m as in (A.1) leads to

f(nt|nt−1, vt) =
µ

µt
λ0tσ2uv

ρ
t (1− e−µt) + µt

¶γ

·
MtX
m=0

⎛⎜⎝ nt−1

m

⎞⎟⎠ e−µtm
¡
1− e−µt

¢nt−1−m " Γ (nt −m+ γ)

Γ (γ)Γ (nt −m+ 1)

µ
Dt

Dt + 1

¶nt−m
#

which can be written

f(nt|nt−1, vt) =
£
κ0tσ

2
uv

τ−1
t

¡
1− e−µt

¢
+ 1
¤−γ MtX

m=0

Cmt,

Cmt ≡ Bmt

"
Γ (nt −m+ γ)

Γ (γ)

µ
σ2uv

τ−1
t

κ0tσ2uv
τ−1
t (1− e−µt) + 1

¶nt−m#
,

Bmt ≡ B̃mt

µ
vt
ut

¶nt−m
, (A.5)

2



as in the main text. B̃mt in (A.5) is defined in (A.2).

Integrating vt out of the likelihood to eliminate the final mixing term must be done numerically,

because

f(nt|nt−1) = Evf(nt|nt−1, vt) =
Z ∞

0
f(nt|nt−1, vt)G(δ, σ2v; v)dvt (A.6)

does not have a closed form solution. Here G is the gamma pdf

G(a, b;x) = xa−1e−x/b

baΓ(a)

2 Evaluation of the likelihood

The log likelihood is given in the main text, and is reproduced here:

lθ
¡
θ|nk0, ((nkt,Xkt,Zkt)

T
t=1)

K
k=1

¢
=

KX
k=1

TX
t=1

log f (nkt|nkt−1)

where f (nkt|nkt−1) is from (A.6), dropping the k subscripts, and

λt = exp
¡
X0tα

¢
ut = λ0tut (A.7)

µt = exp
¡
Z0tβ

¢
vt = µ0tvt

Restrictions

δ = σ−2v

γ =
Γ (δ)

σ2uσ
2τ
v Γ (τ + δ)

are imposed for identification.

Evaluation of the likelihood requires computing the integral in (A.6). Although one could

do simulated maximum likelihood, since the integral is unidimensional it is a good candidate for

Gaussian quadrature. Direct numerical integration of well-behaved functions avoids simulation

error at the cost of (usually much smaller) approximation error, and avoids the finite-sample bias
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that afflicts simulated maximum likelihood (see sec. 4.2 of (Hajivassiliou and Ruud, 1994), for

example). Gaussian quadrature with R evaluation points is often much more precise than a sim-

ulation method (such as Monte Carlo integration) with R draws, because with quadrature one

chooses the evaluation points to maximize accuracy as opposed to randomly drawing evaluation

points in simulation methods.1 To set up the quadrature, define

g(vt) ≡
Γ (nt −m+ γ)

Γ (γ)
Bmt

£
κ0twt

¡
1− e−µt

¢
+ 1
¤−γ µ wt

κ0twt (1− e−µt) + 1

¶nt−m

so that

f(nt|nt−1) =
MtX
m=0

Evtg(vt)

Suppressed in the notation is that g is also a function of θ. Writing out the integral and the density,

we have

f(nt|nt−1) =
MtX
m=0

Z ∞

0
g(vt)G(δ, σ2v; vt) =

MtX
m=0

Z ∞

0
g(vt)

vδ−1t e−vt/σ
2
v

(σ2v)
δ Γ(δ)

dvt

Do change of variable ξ = vt/σ
2
v. Then

f(nt|nt−1) =
MtX
m=0

Z ∞

0
g(σ2vξ)

ξδ−1

Γ(δ)
e−ξdξ

Let h(ξ) = g(σ2vξ)ξ
δ−1/Γ(δ). Then the integral is in the form

MtX
m=0

Z ∞

0
h(ξ)e−ξdξ (A.8)

which is suited to Gauss-Laguerre quadrature, whence

f(nt|nt−1) ∼=
MtX
m=0

RX
r=1

h(ξr)wr

where the quadrature weights wr and abscissae ξr are calculated using the FORTRAN Numerical

Recipe gaulag (Press et al., 1992) with R = 20. One thing to note about calculation of the

1 In particular, R point Gaussian quadrature is exact if the integrand is an polynomial of degree R. See Press,
Teukolsky, Vetterling and Flannery (1992), sec.4.5. Monte Carlo methods compare increasingly favorably to de-
terministic methods as the dimension of the problem increases. Geweke and Keane (2001) state that quadrature is
infeasible for problems higher than dimension three or four, although this threshold will increase as computing speeds
increase. All integrals needed in the present work are unidimensional.
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likelihood is that because of the sums over m in the expressions above (e.g. in (A.8)), calculation

time increases with the mean of the dependent variable, not just with the number of observations.

In practice, I found that when the average dependent variable (number of firms) was around 50,

and 10 years × 3058 counties were observed, the estimations with full heterogeneity could take up

to a week to run on a PC with an AMD (Intel clone) 1666 Mhz processor.

Doing as many calculations in logs as possible led to the most accurate results. In log form,

h(ξ) was calculated as

log h(ξ) = log g(σ2vξ) + (δ − 1) log ξ − logΓ(δ)

where

log g(v) = log (Γ (nt −m+ γ))− log (Γ (γ)) + log (Γ (nt−1 + 1))

− log (Γ (m+ 1))− log (Γ (nt−1 −m+ 1))− log (Γ (nt −m+ 1))

+ (nt −m) (log κ0t + logwt) + (nt + nt−1 − 2m) log
¡
1− e−µt

¢
−µtm− (γ + nt −m)

£
log
¡
κ0twt

¡
1− e−µt

¢
+ 1
¢¤

Note that in the above expression, several of the Γ function arguments are integers, so they may

be computed as factorials. Also, log κ0t and logwt can be simplified as

log κ0t = logλ0t − logµ0t = X0tα− Z0tβ

logwt = log σ
2
u + (ρ− 1) log v

3 Evaluation of the Derivatives

The derivatives are complicated enough that a good case could be made for numerical integration. I

used analytical derivatives instead, which took longer to program but resulted in quicker estimation.
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3.1 Derivatives with Heterogeneity Terms Excluded

When σ2u = σ2v = 0, the log likelihood is:

lnLkt = log

MktX
m=0

exp
¡
−κkt

¡
1− e−µkt

¢¢
Bmkt

where Bmkt is Bmt from above with the k subscript made explicit, so that

logBmkt = log (Γ (nkt−1 + 1))− log (Γ (m+ 1))− log (Γ (nkt−1 −m+ 1))

− log (Γ (nkt −m+ 1)) + (nkt −m) log κ0kt

−µ0ktm+ (nkt + nkt−1 − 2m) log
¡
1− e−µkt

¢
Letting θ be the parameter vector as above, the gradient of the log likelihood function is

∇θ lnL = ∇θ

X
t

X
k

lnLkt =
X
t

X
k

PMkt
m=0∇θ [exp (−κkt (1− e−µkt))Bmkt]

exp (−κkt (1− e−µkt))
PMkt

m=0Bmkt

Note that the denominator, common to all derivatives, is f(nkt|nkt−1) which is already calculated

by the time the MLE algorithm requires the derivatives. The interior of the denominator is best

found from the formula ∇θfkt = fkt ·∇θ log fkt. Here that is:

∇θ

£
exp

¡
−κkt

¡
1− e−µkt

¢¢
Bmkt

¤
=
£
exp

¡
−κkt

¡
1− e−µkt

¢¢
Bmkt

¤
·∇θ

£
−κkt

¡
1− e−µkt

¢
+ logBmkt

¤
3.2 Derivatives with Heterogeneity Terms Included

When σ2u = σ2v are non-zero, the gradient of the log likelihood function is

∇θ

X
t

X
k

log

Ã
MtX
m=0

Z ∞

0
hktm(ξ)e

−ξdξ

!
=
X
t

X
k

PMt
m=0

R∞
0 [∇θhktm(ξ)] e−ξdξPMt

m=0

R∞
0 hktm(ξ)e−ξdξ

(A.9)

As above, the denominator is f(nkt|nkt−1) and need not be calculated again. For the numerator,

define d(ξ) ≡ ∇θh(ξ). These derivatives of h were calculated using the analytical derivative feature

of TSP, which prints results (conveniently) in FORTRAN-like syntax. The results are not repro-

duced here due to their length, but are available in the computer code. Once d(ξ) is calculated,
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the numerator of (A.9) is approximated as
PMt

m=0

PR
r=1 d(ξr)wr with the same quadrature ascissae

and weights as before.

4 The MLE Routine

Because the Hessian of the likelihood is complicated and expensive to calculate, maximization

techniques and variance estimators that require only the gradient are an appealing choice here. I

use the BFGS variant of the DFP algorithm in the application. The routine is a modified version of

the Numerical Recipe dfpmin (Press et al., 1992). The convergence criterion was that each element

of the gradient had to be less than 0.00001 and that the scaled step for each parameter element

min{|∆θi|, |∆θi/θi|}, i = 1, . . . , dim(θ), was less than 0.001.

5 The Variance of the Estimates

Given the possibility of serial correlation among (ukt, vkt) within a county the clustered version

of the Huber/White sandwich estimator of the variance is used (Wooldridge, 2001, sec.13.8.2). In

particular, the asymptotic variance of θ is calculated as

V̂

Ã
KX
k=1

m0
kmk

!
V̂

where V̂ is the usual BHHH estimate of the variance and mk is the contribution of the kth county

to the score:

mk = ∇θ

TX
t=1

lnLkt
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